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A group G is said to be conjugate separable if, whenever x and y are 
elements of G which are not conjugate, there is a finite homomorphic image 
of G in which the images of x and y are not conjugate. The main result of 
this paper is that polycyclic-by-finite groups are conjugate separable. 
Conjugate separability was introduced by Blackburn [2], who showed that 
finitely generated torsion-free nilpotent groups are conjugate separable. 
This was extended to supersolvable groups by Kargapolov [5], and to 
finitely generated nilpotent-by-finite groups by Toh [8]. Remeslennikov [6] 
obtained the same result as this paper. His proof contained a number of 
mistakes, but Hartley’s review [MR43, #6313] pointed out that these could 
be corrected. 
This paper is taken from my Ph.D. thesis, Rice University, 1970, written 
under the direction of Steve Gersten. I did not become aware of 
Remeslennikov’s proof until after I has left Rice University. Both of our 
proofs are based on a number theoretic result of Chevalley [3]. The main 
difference between them is that Remeslennikov reduces directly to Chevalley’s 
result while I first extend Chevalley’s result to certain matrix groups, showing 
that they have the “congruence subgroup property.” 
The present form of the paper is a redraft, written in 1975, of a version 
submitted in April, 1970, and the following changes have been made. 
(1) Remeslennikov’s work has been acknowledged. (2) Some arguments have 
been shortened, and I have taken advantage of five years’ experience to 
improve the writing style. 
Here is an outline of the proof. Let R be the ring of integers in a finite- 
dimensional extension of the rationals. A subgroup G of GL(n, R) is said to 
have the congruence subgroup property if each subgroup H of finite index in G 
contains a congruence subgroup 
G(m)==(g~G:g=lmodm), 
for some integer m > 0. 
I 
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In Section 1 it is shown that certain subgroups of GL(n, R)-among them 
abelian subgroups-have the congruence subgroup property. These results 
are based in a theorem of Chevalley [3] which says that GL(I, R) = U(R) 
has the congruence subgroup property. GL(n, Z) = Aut(P), and in Section 2 
the congruence subgroup property for GL(n, Z) is translated into a technical 
result about group actions on finitely generated abelian groups. In Section 3 
this technical result, plus a variant of an argument of Toh [8], is used to prove 
the main theorem. I would like to thank John Ledlie for suggesting that Toh’s 
argument could be modified for the polycyclic-by-finite case, and for other 
helpful conversations. 
1. THE CONGRUENCE SUBGROUP PROPERTY FOR CERTAIN SUBGROUPS OF 
GL(n, R) 
For Section 1, the following data are fixed. 
K is a finite-dimensional extension of Q, the rational numbers. 
R is the ring of integers of K; as a E-module, it is free of rank [K : Q]. 
U(R) is the group of units of R; it is a finitely generated abelian group 
(Dirichlet Unit Theorem). 
T(n, R) C GL(n, R) is the group of upper triangular matrices in GL(n, R). 
N(n, R) C T(n, R) is the group of upper unitriangular matrices (upper 
triangular matrices with ones on the main diagonal). It is a finitely generated 
torsion-free nilpotent group. 
D(n, R) C T(n, R) is the group of invertible diagonal matrices. It is 
isomorphic to the direct product of n copies of U(R) and hence is a finitely 
generated abelian group. 
There is a split exact sequence 
l-+N(n,R)-+T(n,R)f3D(n,R)-+l, 
where the splitting D - T is inclusion, and the homomorphism T + D is 
the “projection” onto the diagonal (i.e., erase the off-diagonal entries). 
The principal results of this section are Theorem 5, which states that any 
subgroup of T(n, R) has the congruence subgroup property, and Theorem 9, 
which states that any abelian subgroup of GL(n, R) has the congruence 
subgroup property. Theorem 5 is obtained by first proving the congruence 
subgroup property for subgroups of N(n, R) and D(n, R), using Chevalley’s 
theorem for the latter. Theorem 9 is proved using Theorem 5 and the fact 
that a commuting set of matrices can be simultaneously triangularized in 
some extension field. 
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LEMMA 1. I f  g E N(n, R) and g E 1 mod m2, then g is the mth power of an 
element of N(n, Ii). 
Proof. In fact g = hm where h E N(n, R) and h E 1 mod m. h can be 
obtained by solving in alphabetical order for the E’S, /3’s, y’s,... in the equation 
below. 
h”’ = 
1 % Pl Yl ... 
1 012 p2 ..’ 
1 Lx3 ... 
1 
1 
1’ 
I 
I‘ 
= 
1 ma1 mP1+h myl+rl .. 
1 ma2 43, +b2 .. 
1 ma3 ... = g. 
The point is that the b’s, c’s,... are polynomials with integer coefficients in the 
(preceding) 01’s, /I’s,... such that the degree of each monomial is at least 2. 
Fence they are divisible by m2 and the (Y’S, /3’s, y’s... are divisible by m. 1 
We will need the following facts about nilpotent groups [l, p. 191. Let N 
be a nilpotent group and Ha subgroup of N. Then 
IN(H) = I(H) = {g E N: gk E H for some 12 f 0} 
is a subgroup of N. It is called the isolator of H in N. If N is finitely generated, 
then H has finite index in I(H). Hence there is an integer k such that gk E H 
for all g E I(H). 
LEMMA 2. Let H be a subgroup of N(n, R). Then for each integer m > 0 
there is an integer 0(m) > 0 such that if g E H and g = 1 mod e(m), then g is 
the mth power of an element of H. 
Proof. Let I(H) be the isolator of H in N(n, R) and a > 0 be an integer 
such that I( C H. Let e(m) = (am)“. If g E H and g s 1 mod(a then 
g = ha” = (h”)m for some h E N(n, R), by Lemma 1. ha E H since h EI(H), 
so g is the mth power of an element of H. 1 
THEOREM 3 (Chevalley [3, Theorem 11). For each integer m > 0 there 
is an integer a > 0 such that if g E U(R) and g = 1 mod a, then g is the mth 
power of an element of U(R). 1 
LEMMA 4. Let M be a subgroup of D(n, R). Then for each integer m > 0 
there is an integer $(m) > 0 such that if g E M and g = 1 mod C(m), then g 
is an mth power of an elem 
I 
t of M. 
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Proof. If M = D(n, R) E U(R) x ..* x U(R), the desired result is an 
immediate consequence of Chevalley’s theorem. If M is an arbitrary subgroup 
of D(n, R), proceed as in the proof of Lemma 2 by using the isolator of M 
in D(n, R). 1 
THEOREM 5. Let G be a subgroup of T(n, R). Then G has the congruence 
subgroup property. 
Proof. Consider the following exact sequence, where H = G n N(n, R) 
and z-: T(n, R) -+ D(n, R) is the projection onto the diagonal. 
l+H+G+n(G)+l. 
For each integer m > 0, let 
s(m) > 0 satisfy: If g E H and g = 1 mod e(m), then g is an mth power 
in H (Lemma 2). 
4(m) > 0 satisfy: If g E x(G) and g = 1 mod 4(m), then g is an mth 
power in n(G) (Lemma 4). 
p(m) be an exponent for T(n, R/mR), which is a finite group. 
Now suppose g E G and g = 1 mod a, where 
p(g) = 1 mod mp(B(m)), so n(g) is an mp(B(m))th power in r(G). Choose 
x E G with ~(x~P@‘(~))) = n(g). g-lzmp(O(m)) E(G n Ker n), and (G n Ker n) = 
H. Further, g-l = 1 mod 0(m), and y = 1 mod B(m), where y = x~@(~)). Hence 
g-4” E H and g-9” = 1 mod e(m), so g-ry” = h” for some h E H. Finally 
g = ymh-” E G” = gp{g” : g E G}. 
Thus Gm contains the congruence subgroup G(a). Since any normal subgroup 
of index m in G contains Gm this shows that G has the congruence subgroup 
property. I 
The final result of this section is that abelian subgroups of GL(n, RR) have 
the congruence subgroup property. As preparation we need a theorem on 
triangulating matrices and some properties of conjugation in GL(n, R). 
THEOREM 6 [4, p. 1341. Let G be an abelian subgroup of GL(n, F), where F 
is an algebraically closed field. Then there is a o E GL(n, F) such that oGo-l c 
T(n, F). I 
LEMMA 7. Let G be a subgroup of GL(n, R) and suppose that uGo-lC T(n, K) 
for some o E GL(n, K). Then there is a 7 E GL(n, K) such that rGr-1 _C T(n, R). 
% 
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Proof. Choose an integer r > 0 such that YU, YC+ E nil,(R), i.e., Y clears 
denominators in (J and u-l. Then 
r2(uGa-1) = (YU) G(rd) C M,(R). 
For g E G, consider 
01~ ,..., (Y, are roots of the characteristic polynomial of g and hence lie in R; 
furthermore, multiplication by r2 clears denominators in X since r2(uGu-1) C 
T(n, R). Hence ~G7-l C T(n, R) if r = pa, where 
P= t 
Y2% 
y2n-2 *-. 1. a Y2 
The profinite topology of a group G is the topology generated by taking the 
subgroups of finite index as a base for the neighborhoods of the identity. 
The congruence topology of a subgroup G of GL(n, R) is the topology 
generated by taking the congruence subgroups G(m) as a base for the neigh- 
borhood of the identity. The profinite topology is the stronger since each 
G(m) has finite index in G (because R/mR is a finite ring). G has the congruence 
subgroup property if and only if its profinite and congruence topologies 
coincide. 
LEMMA 8. Suppose G, uGd C GL(n, R), where u E GL(n, K). Let 
6: G -+ uGo-l be the isomorphism of groups given by conjugation by u. Then u 
is an isomorphism of congruence topologies. 
Proof. Choose an integer Y > 0 such that YU, YU-l E M,,(R). Ifg E GL(n, R) 
and g = 1 mod r2m, let g = 1 + r2mh, where h E M,(R). Then 
ugu-l = 1 + m(ru) h(ru-l) = 1 mod m. 
Hence 6[G(r2m)] C (uGu+)(m). Similarly, %l[(uGu-l(r*m)] C G(m). Thus 6 
is an isomorphism of congruence topologies. 1 
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THEOREM 9. Let G be an abelian subgroup of GL(n, R). Then G has the 
congruence subgroup property. 
Proof. By applying Theorem 6 to G C GL(n,F), where F is an algebraic 
closure of K, we can find a o E GL(n, F) such that OGU-l C T(n, F). Let E 
be the finite-dimensional extension of K obtained by adjoining the entries of V, 
and i? its ring of integers. Then G C GL(n, w) and aGu-r Z T(n, ff), so by 
modifying CJ via Lemma 7 we may assume that DGU-l _C T(n, W). By Lemma 8, 
6: G + oGo-l is an isomorphism of congruence topologies; it is an isomor- 
phism of profinite topologies since it is an isomorphism of groups. But 
I?(G) = uGu+ has the congruence subgroup property by Theorem 1 since 
UGU-1 _C T(n, a), and so G has the congruence subgroup property. 1 
2. GROUP ACTIONS AND ORBIT SEPARATION 
This section is mainly technical. The statement that abelian subgroups of 
GL(n, Z) = Aut(P) have the congruence subgroup property is used to 
derive a related condition on Aut(A), where A is finitely generated abelian 
but not necessarily free. It is then shown that this implies an “orbit separation” 
theorem when an abelian-by-finite group acts on a finitely generated abelian 
group, This orbit separation is the main preparation for proving that poly- 
cyclic-by-finite groups are conjugate separable in the final section. 
LEMMA 10. Let G be an abelian subgroup of Aut(A), where A is finitely 
generated ahelian. Suppose H is a subgroup of G, and g E G, g $ H. Then there 
is an integer m such that g + h mod m for all h E H.( Equivalently: If pm: 
Aut(A) -+ Aut(A/mA) is the canonical map, then pm(g) $ pm(H).) 
Proof. Case 1. A = Hn is free abelian. Then G is a subgroup of 
GL(n, Z) = Aut(A). Note that G is finitely generated since it embeds in 
some T(n, R) (as in the proof of Theorem 9). Hence, since g 6 H there is an 
integer a > 0 such that g $ GaH ( i.e., gH # 1 in G/H, so gH $ (G/H)a for 
some a > 0). By Theorem 9, G has the congruence supgroup property, so 
there is an integer m > 0 such that 
Ga 2 G(m) = {x E G: x E 1 mod m}. 
Now g $ G(m)H, so g + h mod m for all h E H, as required. 
Case 2. General case. A = P x T where T is finite. Relative to this 
decomposition of A, each 4 E Aut(A) can be expressed as a matrix 
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where 01 E Aut(P), ,!? E Hom(P, T), T E Aut(T), and $ operates from the left 
on “column vectors” of En x T. 
Let a be an exponent for T. If m = a does not work, there is a k E H such 
that g E k mod a. By replacing g by g/z-l we may assume that g E 1 mod a, 
or that g has the form 
g = (;; ;j. 
Let 
G, = i$ E Aut(A) : 4 = (L 0, for some y E Aut(E”)/, 
and let HI = H n Gr . Then g E Gr , g $ H, so by Case 1 there is an integer 
Y > 0 such thatg + h mod Y for all h E HI . Now m = ar works, since for any 
h~H,g~hmodaifh$H,andg+~modrifh~Hr. 1 
PROPOSITION 11. Let A be a jkitely generated abelian group, and H an 
abelian group which acts (not necessarily faithfully) on A (A is written addtivily, 
H multiplicatively, and the action of H on A is denoted by left multiplication). 
Suppose x, y E A and y $ H * x. Then there is an integer m > 0 such that 
y$H*x+mA. 
Proof. Case 1. y $ ZH . x, where HH is the integral group ring of H 
and A is a left ZH-module with the obvious action. Then y + ZH * x # 0 
in AIZH . x, so there is’an integer m > 0 such that y + PH * x # m(A/ZH * x). 
I.e., y $ZH. x + mA. 
Case 2. x $ EH . y. Symmetric to Case 1, since y #H . x + mA if 
andonlyifx$H.y+mA. 
Case 3. EH. x = bH. y. B = ZH ‘x is a ZH-module. For each 
f E ZH, let fL: B -+ B denote the endomorphism defined by fr(t) = f  * t. 
SinceiZH.x =ZH.ythereisag~ZHsuchthaty =g*x.Theng,:B-+B 
is surjective, and hence an automorphism because B is a finitely generated 
abelian group. Let H, = {h, : h E H}. G = gp{HL , gL}. H, C G C Aut(B) 
and G is abelian. Moreover 
g,(x) = g . x = y $ H . x = (hL(x) : h, E HL). 
Thus g, $ HL , so by Lemma 10 there is an integer m > 0 such that 
g, + hL. mod m for all hL E HL (i.e., p,(gJ $ p,(HJ, where pm: Aut(B) + 
Aut(B/mB)). Hence for all h E H, (g - h) * B $ mB, or 
y-h.x=(g-h).x$mB, 
since B = ZH . x. This reads: y 6 H. x + mB. 
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Finally, let I(B) be the isolator of B in A and r be the index of B in I(B). 
Then 
(rmA n B) C rmI(B) C mB, 
soy$H.xfrmAsincey,HxCBandy$H.x+mB. 1 
PROPOSITION 12. Let A be a finitely generated abelian group, and let H 
be an abelian-by-jnite group acting on A. Suppose x, y  E A and y  $ H . x. Then 
there is an integer m > 0 such that y  $ H x + mA. 
Proof. Let H = Kh, U ... u Kh, , where K is abelian. Then y  4 K . (hix) 
for each i, so by the preceding proposition there are integers mi > 0 such 
thaty$K.(hix)+miA.Nowm=m,...m,works. 1 
3. POLYCYCLIC-BY-FINITE GROUPS ARE CONJUGATE SEPARABLE 
As mentioned in the Introduction, the argument given here is based on 
Toh’s proof of conjugate separability for finitely generated nilpotent-by-finite 
groups [8, Theorem 4.11. Aside from this, two other results play decisive roles: 
Malcev’s structure theorem for polycyclic groups and Proposition 12 on orbit 
separation. 
THEOREM 13 (Malcev [7, pp. 79-801). Let G be apolycyclic-by-finitegroup. 
Then G has a normal nilpotent subgroup N such that G/N is abelian-by-$nite. 
If G is infinite, then N may be chosen so that its center ZN is in$nite. 1 
Remark. The second assertion follows from the first by observing that 
if N is infinite, then ZN is infinite while if N is finite, then G is finite-by- 
abelian-by-finite and hence abelian-by-finite. 
THEOREM 14. Let G be polycyclic-by-Jinite. Then G is conjugate separable. 
Proof. Assume conversely that G is not conjugate separable. The proof ’ 
is by a series of reductions. 
(1) Consider all pairs (A+?, H) of subgroups of G such that M is normal 
in H and H/M is not conjugate separable. Since G satisfies the maximal 
condition, there is a pair (M,, , H,,) with M,, maximal. By replacing G by 
Ho/M,, we may assume that H/M is conjugate separable whenever 1 # M Q 
HC G. 
(2) G must be infinite since it is not conjugate separable, so by Malcev’s 
theorem G has a normal nilpotent subgroup N (whose center ZN is infinite) 
such that G/N is abelian-by-finite. 
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(3) Choose X, y E G such that x and y are not conjugate in G but (their 
images) are conjugate in every finite quotient of G. Then they are conjugate 
in every proper quotient of G, by (1). In particular, they are conjugate in 
G/ZN, so by replacing y by a conjugate we may assume that x = y mod ZN. 
(4) Let K = {g E G: [x, g] E ZN} i.e., K/ZN is the centralizer of xZN 
in G/ZN). We claim that x and y are conjugate in every finite quotient of K. 
For suppose that M is a normal subgroup of finite index in K. Then M n ZN 
is of some finite index m in ZN and so (ZN)m is a nontrivial normal subgroup 
of G contained in M (here we use the fact that ZN is infinite, but finitely 
generated abelian). By (3), x and y are conjugate in G/(ZN)“. Choose g E G 
such that gxg-l E y mod(ZN)“‘. Then 
[x, g] = xgx-‘g-l zz xy-l r= 1 mod ZN 
by (3) so g E K, and the claim is established. Hence we may replace G by K 
(and N by N n K, which contains ZN), and thus assume that [x, G] C ZN. 
Note that the assumptions made in (l)-(3) remain valid. 
(5) Let Kl = {[x, k]: k E N). Since [x, G] c ZN, a commutator 
calculation shows that Kl is a normal subgroup of G. Since x and y are not 
conjugate in G. 
gyg-1 # kxk-1 = [k, XIX, 
for all g E G, k E N. Hence x and y are not conjugate in G/K, , so Kl = 1, 
by (3). This means that x E ZN. 
(6) ZN is a G/N-module (action by conjugation) and 
{conjugates of x in G} = orbit of x under G/N. 
Since G/N is abelian-by-finite, we are now in the situation of Proposition 12, 
with A = ZN, H = G/N. It asserts (writing ZN multiplicatively here) that 
for some integer m > 0 
y f gxg-l mod(ZN)n” 
for all g E G, i.e., x and y are not conjugate in G/(ZN)m. Since ZN is infinite, 
(ZN)% # 1, and we have obtained a final contradiction of (3). m 
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